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1. Introduction 

The Genocchi numbers G m are defined by the generating function: 

00 j-m 

Hi) = -r—r = £ G -^> (1*1 < *)> cf - PI « 

m— 

where we use the technique method notation by replacing G m by G m (m > 0) symbolically. 
It satisfies G\ = 1, G3 = G5 = G7 = ■ ■ • = 0, and even coefficients are given G m = 2(1 — 
2 2m )B'2m = 2mE2m— 1, where B m are Bernoulli numbers and E m are Euler numbers which 
are defined by 

-— = E m — cf. [5, 6] . 
e % + 1 ml 

For x£R(= the field of real numbers), we consider the Genocchi polynomials as follows: 

F(x,t) = F(t)e** = —~e xt = £ G n {x)- (2) 

Note that G m (%) = SfcLo (T ) Cfc 1 ™ - fc ■ Let us also define the Genocchi polynomials of order 
r as follows: 

/ 1 \ r 00 n 

Vl + eV ^ n! 

In the special case x = 0, we define G„ (0) = G n . What is the value of the following sum 
for a given positive integer k ? 

l fe + 2 fc + 3 fc + ■ ■ ■ + n fc . 



Let us denote this sum by /fc(n). Finding formulas for fk(n) has interested mathematicians 
for more than 300 years since the time of Jacob Bernoulli, cf. [1, 7, 9]. It was well known that 
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/n(*-l) = -J rr E ( i )B i fc»+ 1 - i , cf. [9] , 
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where (, J is binomial coefficients. 

Let n,k be positive integers (k > 1), and let 

T n (k) = -l k + 2 k - 3 fc + 4 fc - 5 k + ■ ■ ■ + (-l^-V - l) fc . 

Following an idea due to Euler, it was known that 

1=0 

Let g be an indeterminate which can be considered in complex number field, and for any 
integer k define the ^-integer as 
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Throughout this paper we assume that q € C with < q < 1. Recently many authors studied 
q-analogue of the sums of powers of consecutive integers. In [2], Garrett and Hummel gave a 

combinatorial proof of a g-analogue of X]fc=i ^ 3 = ("it*) 



as follows: 
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where 



tt [ w jl j; ^li denotes the q-binomial coefficients. 

[i]q 



J 9 j = l 

Garrett and Hummel, in their paper, asked for a simpler g-analogue of the sums of cubes. As 
a response to Garrett and Hummel 's question, Warnaar gave a simple ^-analogue of the sums 
of cubes as follows: 
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cf. [10] 



Let 



/ m , g (n) = X>] 9 2[fc] 9 re -V™-'° 1 



Then we note that liniq—^i fm,q(n) = fm(n). 

Warnaar [10] ( for m = 3) and Schlosser [8] gave formulae for m = 1,2,3,4,5 as the 
meaning of the g-analogues of the sums of consecutive integers, squares, cubes, quarts and 
quints. Let n, k(> 1) be the positive integers. In the recent paper, it was known that 

k— 1 1 n 4_ 1 1 

£ *W = —T7 £ ( )^1 kj {k]^ +1 - j ~ -^(1 - 9 ( " +1)fc )/3n +1 , q , see [4] , 

_ Tt ~\~ i. . _ 7 ' Tt ~f J. 
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where j3j tq are called Carlitz's g-Bernoulli numbers. Originally g-Genocchi numbers and poly- 
nomials were introduced by Kim-Jang-Pak in 2001 [3], but they do not seem to be the most 
natural ones. In this paper we give another construction of a q-Genocchi numbers and polyno- 
mials which are different than g-Gcnocchi numbers and polynomials of Kim-Jang-Pak in 2001 
[3]. By using these numbers and polynomials, we investigate the g-analogue of alternating 
sums of powers of consecutive integers. 
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2. g-Gcnocchi numbers and polynomials 
Let F„ k (t) be the generating functions of the q-Genocchi numbers as follows: 



(k—i\ t 
t[j] q 2q— ) =^G„, q - 

3=0 3=0 n - 

By using Taylor expansion in the above, we see that 

n(k-j) 
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Note that Go,fc, q = 0. Hence, we have 

i » . n v (~ir-im,r+ fc + ( "~ 1) i fc ~ 1) - 2 *» 
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(1 + g- 2+m - I1 2-)(l + q™-^) n - 
t n 

By comparing the coefficients of — on both sides of the above equation, we obtain the below: 



Theorem 1. Let k,n(n > 1) be positive integers. Then we have 

™-l mn m + k+ <-"- i y k - 1 > -2 



1 \ n ^ /n\ (-If- 1 ™) 



G n , k , q =(—) EC) 



.i"?/ W (l + g- 2+m - I V)(l + g m - 2 V) 

We also define the generating function. 

F qtk {t, k) = [2] 9 *E + k] q 2{-iy +k - 1 cxp (t[j + k] q q-i) = E G„, fc ,,(fc)- 



3=0 n=0 

By using the binomial theorem and some elementary calculations in the above equation, we 
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have 

E G n,k, q {k)- = E - q 2j+2k )(-iy +k ~ 1 E b + k]^ q -i nt - 

nYl. L G . TL. 

^ j—Q n=0 
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1 + qi+m-f j n! 



l + g^-f- 1 l + q 1+m -f y n! 
n-l\. , m _ 1+fc / gf" 1 - 1 )* g (m+l)fc \ f n-l 



<E EC"-,)'-"-'" ; 

n— 1 v ^ ' m=l \ -L 



+ (? m " 2 - I1 2 1 i + ^-^y (n-l)! 

(m— l)fc m Q(m+l)fc \ j-n 



Note that Go ! fc,q(fc) = 0. Therefore we obtain the following theorem. 
Theorem 2. Let k,n(n > 1) be positive integers. Then we have 



1! 
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Remark 3. Note that 



(1) lim G n , fc , q = G£ 2) , (2) lim G n , M (fc) ^ ci 2) (fc). 



It is easy to see that 



[2],*E ^^'bl^C-iy- 1 exp (t[,V«-^) " [2]«*E <?~^' + fc]^("l)^ 1+fe «xp (t[j + fc],9"i) 



j=0 J=0 

fe-1 

= pl.tEC-l^-^l^^^exp ((b1,,V) . 
3=0 

Thus, we easily see that 

j=o n 
Therefore we obtain the following theorem. 

Theorem 4. Let k,n(n > 1) be positive integers. Then we have 
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